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Let G = (V , E) be a graph with vertex set V and edge set E. Given non-negative integers
r , s and t , an [r, s, t]-coloring of a graph G is a function c from V (G) ∪ E(G) to the color set
{0, 1, . . . , k − 1} such that |c(vi) − c(vj)| ≥ r for every two adjacent vertices vi, vj ∈ V ,
|c(ei)− c(ej)| ≥ s for every two adjacent edges ei, ej ∈ E, and |c(vi)− c(ej)| ≥ t for every
vertex vi and its incident edge ej. Thus, an [r, s, t]-coloring is a generalization of the total
coloring and the classical vertex and edge colorings of graphs. The [r, s, t]-coloring canhave
many applications in different fields like scheduling [A. Kemnitz, M. Marangio, [r, s, t]-
colorings of graphs, Discrete Mathematics 307 (2) (2007) 199–207], channel assignment
problem [F. Bazzaro, M. Montassier, A. Raspaud, (d, 1)-total labelling of planar graphs with
large girth and high maximum degree, Discrete Mathematics 307 (2007) 2141–2151], etc.
The [r, s, t]-chromatic number χr,s,t(G) ofG is theminimum k such thatG admits an [r, s, t]-
coloring. In our paper, we give exact values (or bounds in one case) of the [r, s, t]-chromatic
number of stars, for every positive r , s and t . We also provide exact values and some tight
bounds of this parameter for trees and bipartite graphs.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
The vertex coloring of a graph G consists of assigning different colors to adjacent vertices. Analogously, different colors
are assigned to adjacent edges in the edge coloring. In the total coloring of a graph G, colors are given to both vertices and
edges of the graph, such that two adjacent vertices, two adjacent edges or a vertex and its incident edge must be colored
differently. Then, the coloring of a graph G = (V , E) with vertex set V and the edge set E, is a function c defined on S into
a set of colors {0, 1, . . . , k − 1}, where S represents V , E or V ∪ E for respectively the vertex coloring, the edge coloring
and the total coloring. For each of these colorings, a parameter was defined as the minimum number of colors used to have
this coloring. Thus, the chromatic number χ(G), the chromatic index χ ′(G) and the total chromatic number χ ′′(G) are the
parameters linked to respectively the vertex coloring, the edge coloring and the total coloring. These colorings have been
considerably studied.
The chromatic number problems attractedmany researchers [3–5,7]. Recently, Schiermeyer [20] presented some classes
of graphs forwhich Reed’s conjecture is true (we recall that Reed proposed the following conjecture [17]:χ(G) ≤ ⌈∆+1+ω2 ⌉).
In [6], the authors proposed an algorithm to approximate the chromatic number of random graphs. Other recent studies on
this parameter concerned particular classes of graphs like planar graphs [15], hypergraphs [16], distance graphs [8], etc.
In an edge coloring, trivial bounds for the chromatic index are ∆(G) ≤ χ ′(G) ≤ 2∆(G) − 1 (because each edge has
at most 2∆(G) − 2 adjacent edges), where ∆(G) is the maximum degree of G. In 1964, Vizing proved a remarkable result
for simple graphs [23], χ ′(G) ≤ ∆(G) + 1. By Vizing’s theorem, χ ′(G) is either ∆(G) or ∆(G) + 1 for simple graphs. For
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general graphs, deciding whether χ ′(G) is ∆(G) has been proven to be an NP-complete problem [9]. The chromatic index
is evaluated for several classes of graphs. Thus, bipartite graphs verify χ ′(G) = ∆(G) while cycles of odd number of nodes
have χ ′(G) = ∆(G)+ 1. For planar graphs, there are instances such that χ ′(G) = ∆ or∆(G)+ 1 for∆(G) = 2, 3, 4, 5, but
for the case ∆(G) ≥ 6, Vizing proved that χ ′(G) = ∆(G) if ∆(G) ≥ 8. He also made the following conjecture: For a planar
graph G, χ ′(G) = ∆(G) if∆(G) = 6 or∆(G) = 7 [24]. This conjecture has been confirmed for the case∆(G) = 7 in [25,19],
but it stills remains open for the case∆(G) = 6.
For the total coloring, we have χ ′′(G) ≥ ∆(G) + 1. Sànchez-Arroyo [18] has shown that deciding whether χ ′′(G) =
∆(G) + 1 is NP-complete. McDiarmid and Sànchez-Arroyo [14] have shown that even the problem of determining the
total chromatic number of k-regular bipartite graphs is NP-hard, for each fixed k ≥ 3. The Total Coloring Conjecture
(TCC), proposed independently by Behzad [2] and Vizing [24], states that every simple graph G has χ ′′(G) ≤ ∆(G) + 2.
If χ ′′(G) = ∆(G)+ 1, then G is type 1 graph and if χ ′′(G) = ∆(G)+ 2 then G is type 2 graph.
Let G = (V , E) be a graph with vertex set V and edge set E. Given non-negative integers r , s and t , an [r, s, t]-coloring
of a graph G is a function c from V (G) ∪ E(G) to the color set {0, 1, . . . , k − 1} such that |c(vi) − c(vj)| ≥ r for every two
adjacent vertices vi, vj ∈ V , |c(ei) − c(ej)| ≥ s for every two adjacent edges ei, ej ∈ E, and |c(vi) − c(ej)| ≥ t for every
vertex vi and its incident edge ej. Thus, an [r, s, t]-coloring is a generalization of the total coloring and the classical vertex
and edge colorings of graphs. A [1, 0, 0]-coloring represents a vertex coloring, a [0, 1, 0]-coloring is an edge coloring, and a
[1, 1, 1]-coloring corresponds to a total coloring. The minimum number k such that G admits an [r, s, t]-coloring is called
the [r, s, t]-chromatic number and is denoted χr,s,t(G). The [r, s, t]-coloring can havemany applications in different fields. It
can be used in scheduling [11] (to elaborate a planning with different constraints), for the channel assignment problem [1]
(where different labels representing frequencies are assigned to vertices and edges), etc.
The [r, s, t]-coloring is a new coloring parameter introduced in [11] by Kemnitz and Marangio. The authors gave some
properties of the parameter like,
• If H ⊆ G then χr,s,t(H) ≤ χr,s,t(G) ([11], Lemma 1),
• If r ′ ≤ r , s′ ≤ s, t ′ ≤ t then χr ′,s′,t ′(G) ≤ χr,s,t(G) ([11], Lemma 2).
They also proved several general bounds on the [r, s, t]-chromatic number:
• if a ≥ 0 then χar,as,at(G) = a(χr,s,t(G)− 1)+ 1 ([11], Theorem 1),
• max{r(χ(G)− 1)+ 1, s(χ ′(G)− 1)+ 1, t + 1} ≤ χr,s,t(G) ≤ r(χ(G)− 1)+ s(χ ′(G)− 1)+ t + 1 ([11], Theorem 2),
• If m = min{r, s, t} and M = max{r, s, t} then m∆(G) + 1 ≤ χr,s,t(G) ≤ M(∆(G) + c − 1) + 1 with a constant c ≥ 2
([11], Theorem 3).
According to r , s and t , exact values and some bounds were given when at least one among the three parameters is fixed,
for example if min{r, s, t} = 0 or if two of the three parameters are 1. The authors also investigated the parameter for
complete graphs.
Theorem 1 ([11], Theorem 6). If min{r, s, t} ≥ 1 and∆ = ∆(Kp) then
• χr,r,r(Kp) = r∆+ 1 if p odd and χr,r,r(Kp) = r(∆+ 1)+ 1 if p even,
• χr,s,t(K2n+1) = r∆+ 1 if 1 ≤ s ≤ r, 1 ≤ t ≤ r,
• χr,s,t(K2n+1) = s∆+ 1 if 1 ≤ r ≤ s, 1 ≤ t ≤ s,
• χr,s,t(K2n) = r∆+ 1 if r ≥ 2, 1 ≤ s ≤ r, 1 ≤ t ≤ br/2c,
• χ1,s,1(K2n) = s(∆− 1)+ 1 if s ≥ 3,
• χ1,2,1(K2n) = 2∆,
• χr,s,t(Kp) = r∆+ s(∆− 1)+ t + 1 if t > (r + s)∆ and r ≥ s.
In [12], the same authors characterized some properties of graphs that have an [r, s, t]-chromatic number less than k, for
k = 1, 2, 3 as well as for k ≥ 3 and max{r, s, t} = 1. They used for that well-known hereditary properties of graphs. Other
results on this parameter are presented in [21,22], where exact values are proved for paths and cycles. In our paper, we aim
to study bipartite graphs and trees. The study of the [r, s, t]-coloring of stars proposed in this paper is done independently
of [10]. Moreover, our proofs and constructions are different to those given in [10]. Then, we extend our results to bipartite
graphs and trees by giving exact values and tight bounds. This improves some of the results given in [22] for bipartite graphs.
The remainder of the paper is then organized as follows. In Section 2, we give exact values (or bounds in one case) of the
[r, s, t]-chromatic number for stars for any strictly positive r , s and t . In Section 3 and in Section 4, we provide exact values
and some tight bounds of the parameter for bipartite graphs and trees.
Firstly, we present some notations used in the remainder of the paper. For a graph G, its maximum degree is ∆(G). If
there is no ambiguity,∆(G)will be denoted by∆. Moreover, to have an [r, s, t]-coloring, some conditions need to be verified
between the colors of vertices and edges. Thus, as we saw, two adjacent vertices vi and vjmust verify |c(vi)−c(vj)| ≥ r , two
adjacent edges ei and ej must satisfy |c(ei)− c(ej)| ≥ s and a vertex vi and its incident edge ej must have |c(vi)− c(ej)| ≥ t .
Then, we denote these conditions respectively by r-condition, s-condition and t-condition.
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2. Stars
In this section we propose an exact value for the [r, s, t]-chromatic number of a stars, for any positive integers r , s and t .
We start by two constructions used in the study of stars.
Lemma 2. If r ≥ 2t+s(∆−1), then there exists an [r, s, t]-coloring of K1,p using the set of colors [0, r]. Thus,χr,s,t(K1,p) ≤ r+1.
Proof. We color the graph as follows. The internal vertex is colored by c(x) = 0. Then, we color the external vertices using
the color r: c(yi) = r , with 1 ≤ i ≤ p. Finally, we put on edges the colors c(x, yi) = t + s(i− 1), with 1 ≤ i ≤ p. Thus, the
coloring is proper and since t ≤ c(x, yi) ≤ s(∆− 1)+ t , with 1 ≤ i ≤ p, we deduce:
• c(yi) ≥ c(x, yi)+ t , with 1 ≤ i ≤ p, (t-condition)• c(x, yi) ≥ c(x)+ t , with 1 ≤ i ≤ p, (t-condition)• c(yi) ≥ c(x)+ r , with 1 ≤ i ≤ p, (r-condition)• c(x, yj) ≥ c(x, yi)+ s, with 1 ≤ i < j ≤ p (s-condition).
Therefore the coloring is an [r, s, t]-coloring and use the set of colors [0, r]. Hence χr,s,t(K1,p) ≤ r + 1. 
Lemma 3. If t + s(∆ − 1) ≤ r < 2t + s(∆ − 1), then there exists an [r, s, t]-coloring of K1,p using the set of colors
[0, 2t + s(∆− 1)]. Thus, χr,s,t(K1,p) ≤ 2t + s(∆− 1)+ 1.
Proof. The graph is colored as follows. The internal vertex is colored by c(x) = 0. Then we color the external vertices using
the color c(yi) = 2t + s(∆− 1), with 1 ≤ i ≤ p. Finally, we put on edges the colors c(x, yi) = t + s(i− 1), with 1 ≤ i ≤ p.
As in Lemma 2, the coloring is proper and since t ≤ c(x, yi) ≤ s(∆ − 1) + t , with 1 ≤ i ≤ p, the conditions on vertices
and edges colorings are satisfied. The coloring is an [r, s, t]-coloring using the set of colors [0, 2t + s(∆ − 1)]. Therefore
χr,s,t(K1,p) ≤ 2t + s(∆− 1)+ 1. 
In the remaining section we prove the following result.
Theorem 4. Let K1,p be a star with∆ = p ≥ 3. For any r ≥ 1, s ≥ 1 and t ≥ 1, the [r, s, t]-chromatic number of K1,p is given
by:
χr,s,t(K1,p)
=

r + 1 if r ≥ 2t + s(∆− 1), (a)
2t + s(∆− 1)+ 1 if t + s(∆− 1) ≤ r < 2t + s(∆− 1), (b)
t + r + 1 if s(∆− 1) ≤ r < t + s(∆− 1) and s ≥ t, (c)
s(∆− 1)+ t + 1 if s(∆− 1)− t ≤ r < s(∆− 1) and s ≥ t, (d)
s(∆− 1)+ z + 1 if r < s(∆− 1)− t and s ≥ t ≥ r (e)
s(∆− 1)+ z + 1+max{0, 2t − s(∆− 1)− z + r} if r < s(∆− 1)− t, s ≥ t and r ≥ t, (f)
(≤)s(∆− 1)+ 2t + 1 if s
(
∆−
⌈
t
s
⌉)
< r < t + s(∆− 1) and s < t, (g)
s(∆− 1)+ t + 1 if r ≤ s
(
∆−
⌈
t
s
⌉)
and s < t, (h)
where z = 0 if s ≥ 2t and z = 2t − s if t ≤ s < 2t.
Proof. Let K1,p be a star such that x is the internal vertex and Y = {y1, y2, . . . , yp} is the set of external vertices. We let
C = [Cmin, Cmax] the set of colors used for the edges of the star. Note that, to verify the s-condition,wehave |C | ≥ s(∆−1)+1.
Then we define by C− and C+ the sets of colors defined respectively by C− = [0, Cmin[ and C+ =]Cmax,+∞[. And we letW
the set of all the colors used to color the star (edges and vertices). Thus in an [r, s, t]-coloring of K1,p with k colors, we have
W = {0, 1, . . . , k− 1}.
We prove each result independently, and for each of them, we propose a coloring method to determine an [r, s, t]-
coloring of K1,p.
Result (a) χr,s,t(K1,p) = r + 1 if r ≥ 2t + s(∆− 1).
By [11], we have χr,s,t(G) ≥ max{r(χ(G)− 1)+ 1, s(χ ′(G)− 1)+ 1, t + 1}. Thus, χr,s,t(K1,p) ≥ max{r + 1, s(∆− 1)+
1, t + 1} ≥ r + 1. Moreover, Lemma 2 proves that χr,s,t(K1,p) ≤ r + 1. Therefore χr,s,t(K1,p) = r + 1. Fig. 1 illustrates the
coloring of a star K1,p given by Lemma 2.
Result (b) χr,s,t(K1,p) = 2t + s(∆− 1)+ 1 if t + s(∆− 1) ≤ r < 2t + s(∆− 1).
Firstly we prove the lower bound by contradiction. Suppose that there exists an [r, s, t]-coloring using a set of colors
[0 . . . k] with k < 2t + s(∆− 1) (i.e. |W | ≤ s(∆− 1)+ 2t).
First, suppose that c(x) ∈ C . For an external vertex y ∈ Y , if c(y) ≥ c(x) then, due to the t-condition between c(x)
and Cmin, we have |W | ≥ t + r + 1 ≥ 2t + s(∆ − 1) + 1, a contradiction. By the same way, if c(y) < c(x), then, since
there is a t-condition between c(x) and Cmax, we have |W | ≥ t + r + 1 ≥ 2t + s(∆ − 1) + 1, which is a contradiction.
Secondly, suppose that c(x) ∈ C−. Thus, we have the t-condition between c(x) and Cmin. If there exists a y ∈ Y such that
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Fig. 1. An [r, s, t]-coloring of K1,p , where p ≥ 3 and r ≥ 2t + s(∆− 1) (result (a)).
Fig. 2. An [r, s, t]-coloring of K1,p , where p ≥ 3 and t + s(∆− 1) ≤ r < 2t + s(∆− 1) (result (b)).
c(y) ∈ C−, then the set of colors W has a size |W | ≥ r + |C | > s(∆ − 1) + 2t + 1 and we find a contradiction. So the
external vertices have colors either in C or in C+. Suppose that any external vertex yi ∈ Y , with 1 ≤ i ≤ p, has a color
c(yi) > c(x, yi). Then we have at least one vertex for which c(yi) ≥ Cmax + t , which implies a contradiction since the size
ofW is |W | ≥ s(∆ − 1) + 2t + 1 (due to the t-conditions between c(x) and Cmin, and between Cmax and c(yi)). Therefore
there exists at least one external vertex yj ∈ Y for which c(yj) ≤ c(x, yj). Thus, since c(yj) ≥ c(x) + r ≥ t + s(∆ − 1),
then we deduce c(x, yj) ≥ c(yj) + t ≥ s(∆ − 1) + 2t , a contradiction on the maximum color k. Similarly, we can prove a
contradiction if c(x) ∈ C+.
Thus, χr,s,t(K1,p) ≥ 2t + s(∆− 1)+ 1. The upper bound χr,s,t(K1,p) ≤ 2t + s(∆− 1)+ 1 is given by Lemma 3. Therefore,
we deduce χr,s,t(K1,p) = 2t + s(∆− 1)+ 1. Fig. 2 presents the coloring of a star K1,p as proposed in Lemma 3.
Result (c) χr,s,t(K1,p) = t + r + 1 for s(∆− 1) ≤ r < t + s(∆− 1) and s ≥ t .
We first prove that χr,s,t(K1,p) ≥ t + r + 1 by contradiction. Suppose that there exists an [r, s, t]-coloring using a set of
colors [0 . . . k] with k < t + r (i.e. |W | ≤ t + r).
If c(x) ∈ C , we proved in result (b), independently of r , s and t , that |W | ≥ t + r + 1, which gives a contradiction.
We also proved in result (b), independently of r , s and t , that if c(x) ∈ C− (or c(x) ∈ C+) then either the setW has a size
|W | ≥ s(∆− 1)+ 2t + 1 or an edge (x, yj) has a color c(x, yj) ≥ s(∆− 1)+ 2t . Since s(∆− 1)+ t > r , then we have either
|W | ≥ r + t + 1 or c(x, yj) ≥ r + t . Therefore we deduce χr,s,t(K1,p) ≥ t + r + 1.
Next we prove χr,s,t(K1,p) ≤ t + r + 1 by construction. If s ≥ 2t we color the graph as follows: c(x) = t ,
c(x, yi) = s(i − 1) and c(yi) = t + r for any 1 ≤ i ≤ ∆. Thus, we see that |c(x) − c(yi)| ≥ r , |c(x) − c(x, yi)| ≥ t
and |c(yi)− c(x, yi)| ≥ t + r − s(∆− 1) ≥ t for any 1 ≤ i ≤ ∆. Thus the three conditions are verified and the coloring is an
[r, s, t]-coloring. If t ≤ s < 2t , a second coloring is proposed: c(x, yi) = s(i− 1) for any 1 ≤ i ≤ ∆, c(x) = t + r , c(y2) = 0
and c(yj) = t for any j ∈ [1, 3, 4, . . . ,∆]. Thus we have |c(x)− c(yi)| ≥ r , |c(x)− c(x, yi)| ≥ t + r − s(∆− 1) ≥ t for any
1 ≤ i ≤ ∆. Moreover, |c(x, y2)− c(y2)| ≥ s ≥ t , |c(x, y1)− c(y1)| ≥ t and |c(x, yj)− c(yj)| ≥ 2s− t ≥ t for any 3 ≤ j ≤ ∆.
Therefore the proposed coloring is an [r, s, t]-coloring. This proves that χr,s,t(K1,p) ≤ t + r + 1. Fig. 3 shows colorings of a
star K1,p if s(∆− 1) ≤ r < t + s(∆− 1) and s ≥ t . We then deduce the result χr,s,t(K1,p) = t + r + 1.
Result (d) χr,s,t(K1,p) = s(∆− 1)+ t + 1 if s(∆− 1)− t ≤ r < s(∆− 1) and s ≥ t .
We prove the lower bound by contradiction. Suppose that there exists an [r, s, t]-coloring using a set of colors [0 . . . k]
with k < s(∆− 1)+ t (i.e. |W | ≤ s(∆− 1)+ t).
If c(x) ∈ C− (resp. c(x) ∈ C+) then to have a t-condition between c(x) and Cmin (resp. c(x) and Cmax) we find
|W | ≥ t + |C | ≥ t + s(∆ − 1) + 1, a contradiction. Thus we deduce c(x) ∈ C . Suppose that there exists two
external vertices yi and yj such that c(yi) ≤ c(x) ≤ c(yj). To have an r-condition between c(x) and c(yi), we have
c(x) ≥ c(yi) + r ≥ r ≥ s. So, assume that there exists an edge (x, yk) such that c(x, yk) 6= Cmin and c(x, yk) < c(x).
Thus, the t-condition gives c(x) ≥ c(x, yk) + t ≥ s + t , and then c(yj) ≥ c(x) + r ≥ t + s + r ≥ s(∆ − 1) + t , which
is a contradiction. So, every edge (x, y) not colored with Cmin has a color higher than c(x). Then, by the t-condition, we find
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Fig. 3. An [r, s, t]-coloring of K1,p where p ≥ 3, s(∆− 1) ≤ r < t + s(∆− 1) and s ≥ t (result (c)): (1) if s ≥ 2t , (2) if t ≤ s < 2t .
Fig. 4. An [r, s, t]-coloring of K1,p where p ≥ 3, s(∆− 1)− t ≤ r < s(∆− 1) and s ≥ t (result (d)): (1) if s ≥ 2t , (2) if t ≤ s < 2t .
Cmax ≥ c(x)+ t + s(∆− 2) ≥ s+ t + s(∆− 2) ≥ s(∆− 1)+ t , a contradiction. Thus, every external vertex y has a color
c(y) ≥ c(x) (or c(y) ≤ c(x)). Suppose c(y) ≥ c(x) for any y ∈ Y . If for a vertex y we have c(x, y) ≥ c(y) then, as c(x) ≥ t
and c(y) ≥ t + r , we obtain c(x, y) ≥ c(y)+ t ≥ r + 2t ≥ s(∆− 1)+ t and then we contradicts the assumption. So, every
external vertex y has a color higher than c(x, y). So, at least one vertex y has a color c(y) ≥ Cmax + t ≥ s(∆ − 1) + t , a
contradiction. By the same way, a contradiction can be found if for any y ∈ Y we have c(y) ≤ c(x).
Now we prove that χr,s,t(K1,p) ≤ s(∆ − 1) + t + 1 by construction. If s ≥ 2t , we consider the following coloring:
c(x) = t , c(x, yi) = s(i − 1) and c(yi) = s(∆ − 1) + t for any 1 ≤ i ≤ ∆. We remark that |c(x) − c(yi)| ≥ s(∆ − 1) > r ,
|c(x)− c(x, yi)| ≥ t and |c(yi)− c(x, yi)| ≥ t for any 1 ≤ i ≤ ∆. Thus we deduce that the coloring is an [r, s, t]-coloring. If
t ≤ s < 2t , a coloring of the graph is given by: c(x, yi) = s(i − 1) for any 1 ≤ i ≤ ∆, c(x) = t + s(∆ − 1), c(y2) = 0 and
c(yj) = t for any j ∈ [1, 3, 4, . . . ,∆]. Thus we have |c(x)−c(yi)| ≥ s(∆−1) > r and |c(x)−c(x, yi)| ≥ t for any 1 ≤ i ≤ ∆.
The condition between external vertices and edges is also verified with |c(x, y2)− c(y2)| ≥ s ≥ t , |c(x, y1)− c(y1)| ≥ t and
|c(x, yj)− c(yj)| ≥ 2s− t ≥ t for any 3 ≤ j ≤ ∆. Therefore the proposed coloring is an [r, s, t]-coloring. Fig. 4 presents the
above colorings. Hence, we deduce χr,s,t(K1,p) = s(∆− 1)+ t + 1.
Result (e) χr,s,t(K1,p) = s(∆− 1)+ z + 1 if 1 ≤ r < s(∆− 1)− t and s ≥ t ≥ r .
We recall that z = 0 if s ≥ 2t and z = 2t − s if t ≤ s < 2t . In [11] (Lemma 7), authors prove that for a class 1 graph G,
we have χ0,s,t(G) ≥ s(∆− 1)+ 1 if s ≥ 2t and χ0,s,t(G) ≥ s(∆− 1)+ 2t − s+ 1 if t ≤ s < 2t . Since K1,p is a class 1 graph
(because χ ′(K1,p) = ∆(K1,p)), and χr,s,t(K1,p) ≥ χ0,s,t(K1,p), we deduce that χr,s,t(K1,p) ≥ s(∆− 1)+ z + 1.
As above, we propose some constructions to prove that χr,s,t(K1,p) ≤ s(∆ − 1) + 1 + z. If s ≥ 2t , we consider the
following coloring: c(x) = t , c(x, yi) = s(i− 1) and c(yi) = t + s for any 1 ≤ i ≤ ∆. We remark that |c(x)− c(yi)| ≥ s ≥ r ,
|c(x) − c(x, yi)| ≥ s − t ≥ t and |c(yi) − c(x, yi)| ≥ t for any 1 ≤ i ≤ ∆. Thus we deduce that the coloring is an [r, s, t]-
coloring. If t ≤ s < 2t , a coloring of the graph is given by: c(x) = t , c(x, y1) = 0, c(y1) = t+ r , c(x, yi) = s(i− 1)+ (2t− s)
and c(yi) = 0 for any 2 ≤ i ≤ ∆. Thus we have |c(x)− c(yi)| ≥ r , for 1 ≤ i ≤ ∆. Moreover between the internal vertex and
the edges we have |c(x)− c(x, yi)| ≥ s+ (2t − s)− t ≥ t for any 1 ≤ i ≤ ∆. And the condition between external vertices
and the edges is also verified with |c(x, y1)− c(y1)| ≥ t + r and |c(x, yj)− c(yj)| ≥ s+ (2t − s) ≥ s ≥ t for any 2 ≤ j ≤ ∆.
Therefore the proposed coloring is an [r, s, t]-coloring. Fig. 5 illustrates this coloring.
Hence, we deduce χr,s,t(K1,p) = s(∆− 1)+ 1+ z with z = 0 if s ≥ 2t and z = 2t − s if t ≤ s < 2t .
Result (f) χr,s,t(K1,p) = s(∆− 1)+ z + 1+max{0, 2t − s(∆− 1)− z + r} if 1 ≤ r < s(∆− 1)− t , s ≥ t and r ≥ t .
We recall that z = 0 if s ≥ 2t and z = 2t − s if t ≤ s < 2t . We distinguish three cases:
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Fig. 5. An [r, s, t]-coloring of K1,p where p ≥ 3, 1 ≤ r < s(∆− 1)− t and s ≥ t ≥ r (result (e)): (1) if s ≥ 2t , (2) if t ≤ s < 2t .
(1) χr,s,t(K1,p) = s(∆− 1)+ 1 if s ≥ 2t and max{0, 2t − s(∆− 1)− z + r} = 0,
(2) χr,s,t(K1,p) = s(∆− 1)+ (2t − s)+ 1 if t ≤ s < 2t and max{0, 2t − s(∆− 1)− z + r} = 0,
(3) χr,s,t(K1,p) = 2t + r + 1 if max{0, 2t − s(∆− 1)− z + r} = 2t − s(∆− 1)− z + r .
We first prove the lower bounds of these results. As we saw in result (e), in [11] (Lemma 7) authors prove that χ0,s,t(K1,p) ≥
s(∆ − 1) + 1 if s ≥ 2t and χ0,s,t(K1,p) ≥ s(∆ − 1) + 2t − s + 1 if t ≤ s < 2t (because K1,p is a class 1 graph). Since
χr,s,t(K1,p) ≥ χ0,s,t(K1,p), the lower bounds of cases 1 and 2 are given. For the last case, suppose that there exists an [r, s, t]-
coloring using a set of colors [0 . . . k] with k < 2t + r (i.e. |W | ≤ 2t + r). Suppose that c(x) ∈ C− or c(x) ∈ C+, then the
set of colorsW has a size |W | ≥ |C | + t ≥ s(∆ − 1) + 1 + t ≥ 2t + r + 1, which is a contradiction. Then the color of the
center is in C (c(x) ∈ C) and we distinguish several cases. Let ym and yM be the external vertices for which the edge colors
are c(x, ym) = Cmin and c(x, yM) = Cmax.
• If c(ym) ≤ Cmin, then Cmin ≥ t and Cmax ≥ Cmin + |C | − 1 ≥ t + s(∆ − 1) ≥ t + r + t , which is a contradiction on the
maximum color k.
• If c(ym) ≥ Cmin,
. If c(x) ≥ c(ym), we have c(ym) ≥ Cmin + t ≥ t and c(x) ≥ c(ym) + r ≥ t + r . Since c(x) ∈ C , we deduce
Cmax ≥ c(x)+ t ≥ r + 2t , a contradiction.
. If c(x) < c(ym),
If c(yM) ≥ c(x),
If c(yM) ≥ Cmax, then to have a t-condition between c(yM) and Cmaxwehave c(yM) ≥ Cmax+t ≥ s(∆−1)+t ≥ r+2t .
If c(yM) < Cmax, then the t-condition between c(yM) and Cmax implies Cmax ≥ c(yM)+ t where c(yM) ≥ c(x)+ r and
c(x) ≥ Cmin + t ≥ t . Thus, we have a contradiction given by Cmax ≥ 2t + r .
If c(yM) < c(x). First note that c(x) < 2t . Indeed, if c(x) ≥ 2t then the color of the vertex ym (i.e. c(ym) ≥ c(x)+ r ≥
2t + r) contradicts the assumption. Thus, suppose that any edge (x, yi) (except (x, yM)) has a color lower than c(x).
The vertex x has then a color c(x) ≥ s(∆− 2)+ t . Since∆ ≥ 3 then c(x) ≥ s+ t ≥ 2t , which is a contradiction to the
value of c(x). Hence, at least two edges, (x, y) and (x, yM) have colors higher than c(x). Since c(x) ≥ c(yM) + r ≥ r ,
then we deduce that c(x, y) ≥ c(x)+ t and c(x, yM) = Cmax ≥ c(x, y)+ s ≥ r + t + s ≥ r + 2t . This contradicts the
highest color supposed for the coloring.
We now prove that χr,s,t(K1,p) ≤ s(∆ − 1) + 1 + max{0, 2t − s(∆ − 1) − z + r} by construction. Thus, four possible
colorings are distinguished following the values of s and max{0, 2t − s(∆− 1)− z + r}:
If s ≥ 2t , then z = 0 and the colorings are:
• If max{0, 2t − s(∆− 1)− z + r} = 0
. c(x) = t ,
. c(x, yi) = s(i− 1), for any 1 ≤ i ≤ ∆,
. c(yi) = s(∆− 1)− t , for any 1 ≤ i ≤ ∆.• If max{0, 2t − s(∆− 1)− z + r} = 2t − s(∆− 1)− z + r
. c(x) = t ,
. c(x, yi) = s(i− 1), for any 1 ≤ i ≤ ∆− 1,
. c(x, y∆) = 2t + r ,
. c(yi) = t + r , for any 1 ≤ i ≤ ∆.
And if t ≤ s < 2t , then z = 2t − s and the colorings are:
• If max{0, 2t − s(∆− 1)− z + r} = 0,
. c(x) = t ,
. c(x, y1) = 0,
. c(x, yi) = s(i− 1)+ (2t − s), with 2 ≤ i ≤ ∆,
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Fig. 6. An [r, s, t]-coloring of K1,p where p ≥ 3, 1 ≤ r < s(∆− 1)− t , s ≥ t and r ≥ t (result (f)): (1) if s ≥ 2t and max{0, 2t − s(∆− 1)− z + r} = 0,
(2) if s ≥ 2t and max{0, 2t − s(∆− 1)− z + r} = 2t − s(∆− 1)− z + r , (3) if t ≤ s < 2t and max{0, 2t − s(∆− 1)− z + r} = 0, (4) if t ≤ s < 2t and
max{0, 2t − s(∆− 1)− z + r} = 2t − s(∆− 1)− z + r .
. c(yi) = s(∆− 1)+ (2t − s), with 1 ≤ i ≤ ∆− 1,
. c(y∆) = s(∆− 1)+ (2t − s)− t .
• If max{0, 2t − s(∆− 1)− z + r} = 2t − s(∆− 1)− z + r ,
. c(x) = t ,
. c(x, y1) = 0,
. c(x, y∆) = 2t + r ,
. c(x, yi) = s(i− 1)+ (2t − s), with 2 ≤ i ≤ ∆− 1,
. c(yi) = 2t + r , with 1 ≤ i ≤ ∆− 1,
. c(y∆) = t + r .
For each coloring, the three conditions to have an [r, s, t]-coloring can be verified. Fig. 6 shows the constructions
presented above. Thus, we deduce that χr,s,t(K1,p) = s(∆− 1)+ 1+max{0, 2t − s(∆− 1)− z + r}.
Result (g) s(∆− 1)+ t + 1 ≤ χr,s,t(K1,p) ≤ s(∆− 1)+ 2t + 1 if s(∆− d ts e) < r < s(∆− 1)+ t and s < t .
In [11] (Lemma 7), the authors showed that χ0,s,t(G) = s(∆ − 1) + t + 1 for any graph G of class 1 with ∆(G) ≥ 2,
if s < t . As K1,p is a class 1 graph and χr,s,t(G) ≥ χ0,s,t(G), a lower bound for the [r, s, t]-chromatic number is deduced,
χr,s,t(K1,p) ≥ s(∆ − 1) + t + 1. Moreover, as in Lemma 3, we can color the graph to have an [r, s, t]-coloring with
s(∆− 1)+ 2t + 1 colors. Thus, s(∆− 1)+ t + 1 ≤ χr,s,t(K1,p) ≤ s(∆− 1)+ 2t + 1.
Result (h) χr,s,t(K1,p) = s(∆− 1)+ t + 1 if 1 ≤ r ≤ s(∆− d ts e) and s < t .
As in result (g), we deduce from [11] that χr,s,t(K1,p) ≥ χ0,s,t(K1,p) = s(∆ − 1) + t + 1. We prove the upper bound
by construction. We consider the following coloring: c(x, yi) = s(i − 1), for 1 ≤ i ≤ ∆. The central vertex is colored
with c(x) = s(∆ − 1) + t . Then external vertices have the colors c(yi) = s(d ts e − 1) + t , for 1 ≤ i ≤ d ts e, and
c(yi) = 0 for d ts e < i ≤ ∆. Firstly we remark that |c(x) − c(yi)| ≥ s(∆ − 1) + t ≥ r for d ts e < i ≤ ∆, and for
1 ≤ i ≤ d ts e, |c(x) − c(yi)| ≥ s(∆ − d ts e) ≥ r . Then, the r-condition is verified between c(x) and c(yi). Secondly we have|c(yi) − c(x, yi)| ≥ t for 1 ≤ i ≤ d ts e and |c(yi) − c(x, yi)| ≥ s(i − 1) ≥ t for d ts e < i ≤ ∆. Since the color difference
between the vertex x and every adjacent edge (x, y) is at least t , the t-condition is verified. The s-condition is also verified
between the colors of the edges. Therefore, the proposed coloring is an [r, s, t]-coloring. Fig. 7 illustrates this coloring. 
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Fig. 7. An [r, s, t]-coloring of K1,p where p ≥ 3, 1 ≤ r ≤ s(∆− d ts e) and s < t (result (h)): (1) the star K1,p , (2) a coloring of K1,p .
3. Bipartite graphs
In Section 2 we presented exact values for the [r, s, t]-chromatic number according to the values of r , s and t (except one
case where an upper bound is proposed). These results can be extended by the study of classes of graphs containing some
stars. The bipartite graphs are graphs made up of a set of stars where two neighbor stars share a common edge. Thus, in this
section, we determine the [r, s, t]-chromatic number of a bipartite graph according to the [r, s, t]-chromatic number of the
largest star contained in this bipartite graph. Note that we consider bipartite graphs for which ∆(G) ≥ 3. Moreover, our
study is made for any r ≥ 1, s ≥ 1 and t ≥ 1. We first start by a lemma which shows that if the largest star contained in a
bipartite graph admits an [r, s, t]-coloring (from Theorem 4) with only two colors for its vertices, then the bipartite graph
can be colored with the colors used in the star.
Lemma 5. Let Kq,h be a bipartite graph and let K1,p be an induced star in Kq,h with p = ∆(Kq,h). If there exists an [r, s, t]-coloring
of K1,p with at most two different colors for its vertices then we can color Kq,h with only the colors used in K1,p.
Proof. We assume an [r, s, t]-coloring of K1,p, where the vertices are colored with two different colors {a1, a2}, such that
the r-condition is verified between a1 and a2, and the edges are colored with a set of ∆(Kq,h) colors {b1, b2, . . . , b∆(Kq,h)},
where the s-condition is verified between every two edge colors and the t-condition is verified between every edge color
and every vertex color. Now, we construct an [r, s, t]-coloring of Kq,h by using the vertex colors {a1, a2} and the edge colors
{b1, b2, . . . , b∆(Kq,h)} as follows. First, it is easy to see that, since Kq,h is bipartite, then {a1, a2} is a 2-vertex proper coloring
of Kq,h. That means vertices of each induced star in Kq,h are colored with only the two colors {a1, a2}. Now, to color edges of
Kq,h, by Kőnig [13] we have χ ′(Kq,h) = ∆(Kq,h). Then, there exists a ∆-edge proper coloring of Kq,h using the set of colors
{b1, b2, . . . , b∆(Kq,h)}.
Since the three conditions to have an [r, s, t]-coloring are verified for K1,p, and all the stars of Kq,h are colored with the
colors of K1,p, then we deduce an [r, s, t]-coloring of Kq,h using the colors of K1,p. 
Secondly, we prove that, under conditions on r, s and t , the [r, s, t]-chromatic number of a bipartite graph is equal to the
[r, s, t]-chromatic number of its largest induced star.
Theorem 6. Let Kq,h be a bipartite graph and let K1,p be an induced star in Kq,h such that p = ∆(Kq,h). If s ≥ 2t or, s < 2t and
r ≥ t + s(∆− 1), then χr,s,t(Kq,h) = χr,s,t(K1,p).
Proof. First we have χr,s,t(Kq,h) ≥ χr,s,t(K1,p). From the constructions proposed in Theorem 4 when s ≥ 2t or s < 2t and
r ≥ t + s(∆ − 1), the star K1,p can be colored with at most two colors on its vertices. Then, by Lemma 5, we can color the
graph Kq,h with only the colors used on K1,p. Therefore we deduce χr,s,t(Kq,h) = χr,s,t(K1,p). 
Finally, we present some bounds for the parameter following different values of r , s and t .
Proposition 7. Let Kq,h be a bipartite graph and let K1,p be an induced star of Kq,h such that p = ∆(Kq,h). For t ≤ s < 2t and
r < t + s(∆− 1), we have
χr,s,t(Kq,h) ≥ χr,s,t(K1,p)
and
χr,s,t(Kq,h) ≤
{
χr,s,t(K1,p)+ 2t − s if s(∆− 1)− t ≤ r < s(∆− 1)+ t and t ≤ s < 2t,
χr,s,t(K1,p)+ s if r < s(∆− 1)− t, r ≤ t and t ≤ s < 2t,
χr,s,t(K1,p)+ t if r < s(∆− 1)− t, r ≥ t and t ≤ s < 2t.
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Proof. We propose constructions for K1,p using more colors than in Theorem 4 but with only two colors on the vertices.
Thus, Lemma 5 can complete the coloring of the bipartite graph. The colorings we propose are the following:
• If s(∆−1)−t ≤ r < s(∆−1)+t and t ≤ s < 2t .We color the starK1,p as follows: c(x, y1) = 0, c(x, yi) = s(i−1)+(2t−s),
for any 2 ≤ i ≤ ∆ and c(yj) = t , for any 1 ≤ j ≤ ∆. Then, if s(∆ − 1) ≤ r < s(∆ − 1) + t then the center is colored
by c(x) = t + r + (2t − s). And if s(∆ − 1) − t ≤ r < s(∆ − 1), we color x with c(x) = s(∆ − 1) + t + (2t − s). We
remark that |c(x) − c(yi)| ≥ r , |c(x) − c(x, yi)| ≥ t and |c(yi) − c(x, yi)| ≥ t , for any 1 ≤ i ≤ ∆. Thus, we deduce that
the coloring of K1,p is an [r, s, t]-coloring.
• If r < s(∆ − 1) − t , r ≤ t and t ≤ s < 2t . We consider the following coloring: c(x) = t , c(x, yi) = is + (2t − s)
and c(yi) = 0, for any 1 ≤ i ≤ ∆. We see that the three conditions |c(x) − c(yi)| ≥ t ≥ r , |c(x) − c(x, yi)| ≥ t and
|c(yi)− c(x, yi)| ≥ s+ (2t − s) > t are verified. We then have an [r, s, t]-coloring of K1,p.
• If r < s(∆−1)−t , r ≥ t and t ≤ s < 2t . Let the following coloring: c(x) = t , c(x, y1) = 0 and c(x, yi) = s(i−1)+(2t−s),
for 2 ≤ i ≤ ∆−1. Then, for any 1 ≤ i ≤ ∆−1, if s(∆−1)−s ≤ r ≤ s(∆−1)−t then c(yi) = 2t+r and c(x, y∆) = 3t+r ,
and if r < s(∆ − 1) − s, then we put c(yi) = s(∆ − 1) + (2t − s) and c(x, y∆) = s(∆ − 1) + (2t − s) + t . The three
conditions to have an [r, s, t]-coloring are then satisfied.
The star K1,p can be colored with only two colors on its vertices. Lemma 5 allows us to color the remaining vertices of the
bipartite graph, and to deduce the result. 
Proposition 8. Let Kq,h be a bipartite graph and let K1,p be an induced star in Kq,h such that p = ∆(Kq,h). If s < t and
r < t + s(∆− 1), then χr,s,t(Kq,h) ≤ 2t + s(∆− 1)+ 1.
Proof. We color the star K1,p according to Lemma 3. Then, only two colors appear on its vertices. Thus, by Lemma 5, the
bipartite graph Kq,h can be colored by using only the colors of K1,p. We have then χr,s,t(Kq,h) ≤ 2t + s(∆− 1)+ 1. 
4. Trees
In this section, we determine the [r, s, t]-chromatic number of trees according to the [r, s, t]-chromatic number of the
largest star contained in this tree. Note that we consider trees for which ∆(T ) ≥ 3. Moreover, this study is done for any
r ≥ 1, s ≥ 1 and t ≥ 1. Similarly to bipartite graphs, under conditions on r , s and t , the [r, s, t]-chromatic number of a tree
depends on the [r, s, t]-chromatic number of its largest induced star. Thus, we start by proving that the [r, s, t]-chromatic
number of a tree is equal to the [r, s, t]-chromatic number of the largest star in this tree if only two colors are used on its
vertices.
Corollary 9. Let T be a tree and let K1,p be an induced star in T such that p = ∆(T ). If s ≥ 2t or, s < 2t and r ≥ t + s(∆− 1),
then χr,s,t(T ) = χr,s,t(K1,p).
Proof. Since T is bipartite, we deduce from Theorem 6 that χr,s,t(T ) = χr,s,t(K1,p). 
Next, we can see that if in a tree, the distance between two vertices with degree ∆(T ) is even, then its [r, s, t]-chromatic
number can be deduced from its largest induced star.
Theorem 10. Let T be a tree and K1,∆(T ) be an induced star in T . If t ≤ s < 2t, r < t + s(∆(T )− 1), and the distance between
two vertices of degree∆(T ) is even, then χr,s,t(T ) = χr,s,t(K1,∆(T )).
Proof. First we haveχr,s,t(T ) ≥ χr,s,t(K1,∆(T )). Thenwe prove the upper bound by construction. Let x be the center of K1,∆(T ).
We consider x as the root of T . We define h(T ) as the height of the tree rooted in x. We denote by vi each vertex in the level
i of T , with 0 ≤ i < h(T ). Note that the vertex v0 is x. By Theorem 4, the star K1,∆(T ) admits an [r, s, t]-coloring where three
colors denoted a, b and c are used for the vertices, and the edges have distinct colors of the set C = {c1, c2, . . . , c∆(T )}.
We start by coloring every vertex v2l with the color a, for 0 ≤ l ≤ b h(T )2 c. Thus, since the distance between the vertices
with degree ∆(T ) is even, then they are all colored with a. Then, for every vertex v2l, with d(v2l) > 1, we color one of its
son vertices in T with the color c , and the remaining son vertices, if exist, with the color b. This vertex coloring thus satisfies
the r-condition. For the coloring of edges, we can first remark that according to the constructions of the [r, s, t]-colorings
of the star K1,∆(T ) proposed in Theorem 4, the t-condition cannot be verified between the vertex color b and the edge color
c∆(T ), and also it cannot be verified between the vertex color c and the edge color c1. For each star centered in v2l−1, with
1 ≤ l ≤ d h(T )2 e, we distinguish two cases. If c(v2l−1) = b (resp. c(v2l−1) = c) then we color the edge to its father vertex z
with a color q ∈ C \ c∆(T ) (resp. with the color c∆(T )) by respecting a proper coloring. This is always possible because z has
at most |C | − 1 neighbors colored with b (resp. z has at most one son with the color c). Then, since each vertex v2l−1 has at
most∆(T )− 2 son vertices, we can color the edges between v2l−1 and its son vertices, with distinct colors in C \ {q, c∆(T )}
(resp. in C \ {c1, c∆(T )}). Thus, we deduce that χr,s,t(T ) = χr,s,t(K1,∆(T )). 
For the trees containing two stars (withmaximumdegree) forwhich the distance is odd,we can bound the [r, s, t]-chromatic
number.
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Corollary 11. Let T be a tree and let K1,p be an induced star of T such that p = ∆(T ). If t ≤ s < 2t, r < t + s(∆ − 1), and
there exists two vertices with degree∆(T ) for which the distance is odd, then
χr,s,t(K1,p) ≤ χr,s,t(T ) ≤
{
χr,s,t(K1,p)+ 2t − s if s(∆− 1)− t ≤ r < s(∆− 1)+ t and t ≤ s < 2t,
χr,s,t(K1,p)+ s if r < s(∆− 1)− t, r ≤ t and t ≤ s < 2t,
χr,s,t(K1,p)+ t if r < s(∆− 1)− t, r ≥ t and t ≤ s < 2t.
Proof. Since T is a bipartite graph, this is a direct consequence of Proposition 7. 
5. Conclusion
In this paperwepresented several results on the [r, s, t]-coloring. This coloring generalizes thewell-known colorings (the
total coloring and theminimal vertex and edge colorings). We proved exact values (and for one case an upper bound) for the
[r, s, t]-chromatic number of stars for any positive integer r , s and t .We extended these results to classes of graphs composed
by stars like trees and bipartite graphs for which we proposed exact values and bounds of the parameter. Currently, a study
is being carried out in the evaluation of the [r, s, t]-chromatic number of any graph G by using a method based on the
determination of a spanning tree T of G. The computation of the coloring for T (as given in this paper) is extended to G by
adding and coloring one-by-one each edge of G \ T .
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